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MODEES AND NUMBERS 

A pair of numbers can be used to describe certain drawings. The 
number pair is found by: 

A. Counting the total number of objects, or counting the total 

number of eqtaal parts of an object. 

B. P^om the total, count the number of parts we have shown an 
"interest in.” This can be done by shading, a line da’awn around 
some part of the total, or in many other ways. You can usually 

tell from the drawing. 

Activities 

Apply these two ideas and complete the missing values. Compare the 
numher we are "interested in" to the total as shown in the first example. 

"Interested In” TotSi 

. 2 
2 ^ "e 



6 





4 . 







□□ 



5 . 















•m. 


















5 



1 



8 



0>IH 
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”Intere8ted In” Total Comparlgon 




0/ ///''/fo 
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\V. 
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1 2 



4 



4 



1 

6 



4 



8 



DiflCiwB the last 5 problems. Compare the number we are "interested in" 
(pairfc) to the toteil. 
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Actlvltlea 

Give the number comparison for each statement below* Use the first 
as an example* 

Example ; 1* Bob passed the football 8 times and completed 3# 

3 

Answer; g 

2* A class hp.s 30 students and 15 are girls. 

Answer; 

3, A marksman fired 4 shots and scored 3 perfect times. 

Answer; 

4o A team lost 2 of 10 games. 

Answer; 

5. In "Che last 3 weeks it has rained 4 days* (Be careful and think* 
Answer; 

6* A group of 50 li^t bulbs contains 3 that will not bum. 

Answer; 

7* John has 14 hits in his last 28 times at bat* 

Answer; 

8* One»half of a class of 20 students made an ”A." 



Answer; 
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Com paariLng Rational Numbers-^Number Relationships 

The numbers we have been working with are sometimes called fractions* 
They are also call.ed "positive rational numbers*" They can be described as 
a number comparison (using whole numbers) where the bottom number is not 
zero* In writing our number comparisons, we placed one number above a 
horizontal line and one number below the line* The names for these two 
numbers are; 

Denominator ; The number below the horizontal 3i.ne which tells the 

total number of objects or the total number of equal 
parts of an objecx* 

Hfumeratoi* ; The number above the horizontal line which tells how 

many of the total that are of sjacial interest, or 
how many of the total we are discussing* 

Three important "relations" used in comparing whole numbers were; 

Relation Symbol Meaning 

ss "is equal to" 

> "is greater than" 

< "is less than" 



Activities 

He 3 ?e are some number sentences using these relations* See if you can tell 
which ones are true and vdiich ones are false* Circle your choice* 



1* 


3 

4 


> 


1 

2 


True 


or 


False 


2. 


2 

3 


< 


1 

4 


True 


or 


False 


3. 


1 

6 


S 


10 

12 


True 


or 


False 



i 




5 



r 



4. ^ 
6 


> 


7 

12 


True 


or False 


5- f 


< 


2 

5 


True 


or False 


6 ^ 


s: 


10 

16 


True 


or False 


7 


> 


11 

13 


True 


or False 


o 12 

8- *24 


> 


9 

24 


TiTu.e 


or False 




< 


5 

8 


True 


or False 


^0. f 


< 


1 

4 


True 


or False 



Did ycni find the last three problejis easy? They are easy to answer 
because they have the same "denominator.” Notice that when this is true 
you need only to compare numerators. 



Notice that the drawings below show that there are »to:iy names" for 
the same number. From this idea maybe we can "rename" rational numbers 
such that they have equal denominators. 





Could we continue on with this idea? See if you can supply 3 more. 



fl 2 3 4 5 6 

4» 6» 8» 10 » 12 > 



IPhese are called "equivalent fractions," that is, different names for the 
same ^lumher* 

Examine the way the equivalent fractions aicfi written below; 




2 X (2) 

J X (2y 

4 

6 > 




2 X (5) 

~X (5)» 

10 

15 ’ • • 



• • 







) 



Notice that ^ was multiplied by; ’I’, and These ai*e different 
names for the same number. What is the most common name for this number? 
What happens when you multiply by one? 
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Activities 

Use the example below to write equivalent fractions (rename fractions)* 

I — I 

Example: *5 * ^ 



Solution: 



l^JL 

6 X 




24 



or 





1. 



1 X ( ) _ 12 

2 X ( ) “ 24 




2. 

3. 

4. 



1 



1 

5 



5 

6 




JL 

■“ 12 



15 



30 



5. 




49 



Pill in the missing values for these equivalent fiactions 




15 Q , 

Q « 24 ’ * ' *5 





• • 



.) 




8 



8o Draw a line between pairs of eq\iivalent fractions. One example 
is given. 






2 

3 



12 







2 

5 



12 

16 



h. 



1 

2 



12 



i. f 



1 

3 



24 



It was shown earlier that it is easy to compare two fractions if the 
denominators are equal. That is, it is easy to tell if the two fractions 
are equal or which is greater. 




Activities 



In the problems below, first rename the fractions so the denominators 
are equal then place the correct symbol is greater than, or ”<,** 

is less than) between them. 



Example: 



1 1 

4 



Solution: 





12 15 

20’ ?C Since 12 ”is less than” 15 > then: 



1^ 

20 ^ 20 



and 



1<1 

5^4 



!• 



1 1 
2 ’ 3 



2 , 




2 

5 



3. 



1 

4’ 



1 

3 



4. 



1 

4 



1 

2 



Make all three denominators equal, and arrange the fractions in order from 
“smallest” to “largest," 



5. 



ill 

3> 5f 2 



7o i. -a 
2 ’ 3 ’ 12 



6 , 



5 

6 ’ 




q 5 J: ^ 

6’ 12’ 12 





10 

If you want to check quickly and see if two rational numbers are equiYalent, 
try this way: multiply the numerator of one ’’times” the denominator of the other# 

If your two products are eq\ial, then the fractions are equivalent (different rismes 
for the same number). 

Activit:.>,3 



Below are two examples# Airows are drawn to illustrate the pairs we are 
multiplying# 

Example I 

> 4 X 9 = 56 

4 ->^12 > 3 X 12 = 36 

These are equivalent (36 = 36)# 

Example II 

5\^10 >6 X 10 = 60 

6 18 -> 5 X 18 = 90 

These are not equivalent (60 ”is not equal” to 90)# 



Use the idea of ’’cross multiplying” to decide if the pair of fractions are 
equivalent# 



1 # 

2 # 

3. 

4# 

5. 

6 # 



3 


and 


12 


1 

4 


and 


12 

16 


9 

10 


and 


27 

30 


11 

12 


and 


55 

72 


7 

8 


and 


M 

16 


1 


and 


10 


9 


90 



o 

ERIC 
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Addins Rational Numbers 

The drawing below shows how the desks are arranged in a classroom* 

X X X X 
X X X X 
X X X X 
X X X X 
X X X X 
X X X X 

There are 6 rows with 4 in each row. V/hat rational number would we use if 
we were "interested in" the first two rows as compared to the total? 



X X X X 
X X X X 
X X X X 
X X X X 
X X X X 
X X X X 



It would be: 

4 

Use the same idea to describe the third row. It would be: ^ 



If we add, using these numbers, 



_8 

24 24 



Vdiat should the answer be? The sum of the number of desks in the "first 
three rov/s" compared to the total. 



o 



r 



12 



Then; 



X X X X 
X X X X 
X X X X 
X X X X 
X X X X 
X X X X 



24 24 “ 24 



'He can renane whole numbers and show we add ''numerators” when denominators 
are equal. Por example; 

5 + 3 = 8 



or 



5 + 5 . « 8 

1 ^ 1 "! 



In coimting our money, rational numbers are often used. For example; 



1 50 

500 or 2 dollf.r, or 




This is called "quarter dollax-" or 
250, or j of a dollar, or 



This is called "one dime," and we 

n 

know it is ^ of a dollar, or 



This is called "five cents" or a nickel, 
and it is of a dollar, or 



This is called "one cent." We call it 
a penny, and, since there are IQD of 
them in a dollar, it is also 




1 
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Many times we add these amounts* If v/e add one dime and one penny, we know 
don’t have 2 cents or 2 dimes* ’to,t we have to know is that a dime and 
a penny have other names* Use a name so the dime and penny have a common 
d^^noninator* 

r, 10 1 11 

100 100 = 100 

At times we must add two or more fractions where the denominators are not the 
same (equal)* We have to rename and ^et equal denominators before adding* 




Do you notice any denominators airionc the different naines for t>iat 

1 

are also denominators of the different names for Choose the ones we 

could add (same denominators). 



Por: 



1 + 2 
2^3 



5 4 

We haves ^ + ’5 



7 

e 



Or; 



^6 

12 12 



M. 

12 



Or; 



_9 . 12 ^ 

18 18 "" 18 



7 14 21 

Are and equivalent fractions? If so, then all ansv/ers are 

correct as they name the same number. 

In mai^y cases, the ’’smallest" or "lowest" common denominator is used. 

In the example above it is 6. Notice that 6 "is the least" nimiber that both 
2 and 3 will divide into and leave a aero remainder. 



Activities 

In the problems below, circle which of the numbers in each set is the 
••lowest" common denominator. Rename the fraction and add. 



1 1 
8 * I 



2 . ^ 
6 ^ 12 



2 

8 



3«* + 



I 

8 




4. 2 1 J, 

3 4 12 



5, 1 + 11 + 2 

5 15 5 



{12, 


24, 


36, 


18 ) 


{12, 


24, 


36, 


6) 


{16, 


8, 


24, 


12 ) 


CD 


12, 


24, 


36) 


{15, 


30, 


45, 


60 ) 



I ERIC 
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Using addition ideas, solve each of the following problems# 

^ 1 
6. really spent ~ of an hour studying mathematics and j of an hour 

studying history# How long did she study? 

7# In a meatloaf, 3hith used ~ lb# beef and j lb# of pork# How much 
did the meat in the meatloaf weigh? 

8# Tom ate of his mother *s cake, and his younger brother ate ^ of the 
cake# How much of the cake did they both eat? 

9# Tom rode his bicycle of a raile and stopped for a coke# Then he rode 
•2 o 

4 of a mile farther to Bill*s house# How far did Tom ride getting to 
4 

Bill *3 house? 



10 # 




5 

6 



11 # 




5 

9 



111 
12# + y + 2 = 

lO*^ 20 = 



14# 



-I4. J1 - 
12 18 ~ 



15# 



Jl+ -3 
25 100 






16# 




17. 



10+ II 
3 ^ 6 



18 # 





II 

15 "■ 



16 



Subtracting Rational :iuntier 3 



Suppose I have j dollar and I owe John a quarter* How much will I 
have left after I pay John? 



1 1 
2 " 4 "" 



This, of course, is subtraction. iVe already Icnow subtraction is the inverse 
of addition. We can use our knov/ledge of changing rational numbers to equiv- 
alent numbers. 



To do subtraction with rational numbers we must also express rational numbers 
with the same denominator. V/hen we have written botli the subtrahend and 
minuend with the same denominator, then v/o subtract the numerators. 



So far, we have only considered lational numbers whose values were less than 
one. That is, the denominator was "{preater than” the numerator. These are 
called common fractions. In the first arithmetic books they were called 
“vulgar” fractions because at that time the words ”common” and ’'vulgar” had 
the same meaning* 



1 2 

^ dollar ^ — dollars ( 2 quarters ) 



Activities 



Suppose we try the subt- ntion proble:nc belov/ 




1 

14 “ 





ERIC 



17 



F 



if 



O 

ERIC 












V/hat can we do if we wish to work with a rational number where the 
numerator is greater than the denominator? When would we have such a 
situation? Well, we might have to feed pizzas to a crowd of people* If 
there v/ere a crowd, we*d need more than one pizza, but we couldn’t afford to 
give each person a whole pizza* Let's give everyone a quarter of a pizza* 

V/e must feed 9 people. 











U 



V/e would use how many fourths? 



ti 2 II Correct! 
4 



ould we say 2 complete pizzas and more? 



2 + ~ or 2 T 

4 4 



Activities 



Example: How would you express these numbers, counting the shaded parts? 

□ 





, 1 

33 or 3 



Y/hat fractions are shown below on each number line? 



1 . ( I . 



I ^ 



I 

I ' I i 1 i 



I ‘ I 



0 



I 






□ 

□ 



I I I I I I I t I I I I I ) t I I i I I I I I » I \ 
0 1 2 3 T' 




3. L 




0 





13 



4. 



I t 1 


1 1 1 1 i 1, t f 1 1. 1 J. 


1 


i r L 


\ ^ 


0 


|i 


|2 




5 


/ 




5. 



6 . 



Count the number of fourths that are shaderU 



fourths = 



Count the member of halves that are shaded. 










7. 



Count the number of fourths that are shaded. 




8 . 



Coimt the fifths that are shaded. 




Each model below shows an addition problem. Use the first as an example 
9* (Example) 





13. t I I I I 1_J_I — ! — till I j — 1-4 

0 12 3 4 



+ 



14. 




[ X„l 

0 




1 




2 




4 






+ 









20 



Most people find an easy way to rewrite a niiraber when there is a whole 
niMber and a coimmon fraction* (We call these mixed numbers * ) To change 
3 to a mtional number, multiply 3 X 5 to get 15, which is the number of 
5ths in 3 ^oles© Now add the 2 extra fifths so you have 17 fifths* 







•3 whole- 



15 fifths 



15 fifths + 2 fifths « 17 fifths 
We write: 3 I* « ^ 






Supply the missing number in each of these* 



( ) 



1 

4 






H 



( ) 



15 

10 



( ) 



10 



14 



1 . ( ) 



27 



= ( ) 



10 



52 

( ) 



11 



M ( ) 



12 



12 



68 

5 



-< )f 



( ) H ■ 



12 



Let*s add some mixed numbers* 






4 . ^ 1 



2 + T 

4 



- 3 + ^ 



2 + 3 



+ i + ^ 

4 4 



5 

5 



+ -T 



4 

4 



+ 1 



ss c 



ERIC 
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1 1 

Remember 2 t can be written as 2 + -r. 

4 4 

Then we used the commutative property of addition to make our problem 
easier* 

Iiet*s try; 2 = 



fuethod I 



5 + f + 2 + 



1 1 
3 + 2 + i + I 



4 

^ —li. a. 

^ ^ 12 12 



5 + 



12 



Method II (change to improper 
fractions) 



12. + I 

4^3 



12 ^ 12 



12 



12 



12 



Tiy some of these; 



^ ^ "T 



10 I +12 + 7^ 



ei + 4i + -I 

4 ^ 2 16 



2_I+ i^ + il 2^ 
^16 * ■‘•16 * ^8 * ^8 



Did you use the commutative law? It will make the problem easier if you will* 



In the following problems, write an estimate, and check by adding 
2 



1 * 2 



8 

I 

8 

8 



2 . 7f 

si 



3. 



7 

8 

^ 8 



4. ?i 



5. 2i 

4 -3. 
^ 10 



6 * 



9 ^ 

^ 7 



14 



22 




I-Ji |jj jvji|4a» tJl « „it_, luJlro u>|ro oi|H 

roli-J oK>i oji-* vjijro I io|i-J o|wo vji|h I 



23 



Now solve these subtraction problems and see how well you estimate. 



3 1 

Example I: 2-j - 1 = 

1st Method 




(2 - 1) + ( I - I ) 



2nd Method 




(We must have the 
same denominator 
for our fractions.) 



1 




5 

4 



1 



1 

4 




Example II: 





2 



__2 

10 



1 



10 



11 12 . 

5 " 10 



12 > 1-1 
10 10 



22 

10 *" 10 



10 



-1 

10 



Which method do you prefer? Both are correct, and it would be a good 



idea to be able to do both of them. 



How would you do this problem? 

16 

- 9^ 

^ 5 



5 5 

16 could be rewritten as 15 j or as 15 + 



Now: 



16 

- 9 1 
^ 5 



or 



15 I 

- 9 1 
^ 5 



24 



Tiy these: 



20 


17 


6 


18 


- Ilf 


- 12 T 

p 


-if 

P 


- 11 i 


16 ~ 
p 


15 1 


17 — ^ 
10 


ifi ii 
“ 10 


or 

- 9 f 


„ Q .2. 

^ 5 


or 

- ® Tn 

10 


- 8-1 
° 10 


19 Y 


18 5 




20 1 


- 12 1 


- 13 1 


XI 


- 10 Y 


Try these mentally: 








1 . 5-5 = 




9. e| - 


2 » 


2 1 - i - 

^•8 8 




10 . 9 - 5 - 


, 5 2 
6 " 6 “ 




11 . 7| - 


2| “ 


A 1 - i =. 

^• 42 “ 




12. 7 1 - 


2 | - 


5 S 

10 10 




13 . 10 - 


4 — a 


6 5. 1 „ 

6 ” 6 




14. 15 - 




7 . sf - - 




15 . 18 - 


- 


8. 4f - a| = 




16. 32 - 


si 
®2 “ 



o 

ERIC 



25 



17. 


50 - 


20 1 


s 


29. 


12. 

16 


- 


1 

6 “ 


H 

00 

• 


8 - 


= 




30. 


JL 

12 


- 


1 

2 “ 


19. 


8 - 






31. 


7 

’a 


- 


1 

4 “ 


• 

o 

CM 


8 - 


2^ = 
^ 8 




32. 


13 

16 


mm 


1 

ZS 

4 


21. 


8 - 




3 


33. 


7 

12 




1 

4 “ 


22. 


12 - 


’ ® i 

5 


3 


34. 


8 • 


7 

12 


- 2^ = 


• 

CM 


10 - 


5 

■ 6 




35. 


20 




, sf - 


24. 


7 - 


5 

8 “ 




36. 


25 


- 10 f = 


25. 


16 1 


- 12 


1 

2 = 


37. 


3 


5 

6 


- 2 “ « 
3 


26. 


° 4 


- 2^ 
^ 8 


=3 


38. 


5 


7 

8 


. 1 

- - 4 “ 


27. 


7 

8 


1 

2 ~ 




39. 


5 


1 

4 


- ai = 

2 


• 

CO 

CM 


5 


1 

P “ 




40. 


2 


«r» 


1 

2 “ 



BgIow ■fcher© ar© lots of problems In addition and subtraction using 
rational numbers. The operations are all mixed up, so be sure you 
read the problem carefully. The 2 ?e are seme triclsy problems. 



1 . 20 j - 10 j 



2 . 14f H- 8§ + li 



5. 5 



I- + 4 4 + ^ 



8 



16 



4. 53 



1 « 



8 



16 



12 



5. 



ii 

63 



I 

9 



6. 10 i + 10 I 



o 

ERIC 



26 



7. 26 I - 10 I = 17. 4^ . 3^ = 

S. 10 i + 10 1 + 15 I + 5 = 18. 5 -| + 5 I = 




19. 





10. 3| + 2i = 





15 “ 





22 



12 . 






+ 



1 - 

4 “ 





14« 17 I + 17 I 



24. 




1 

2 



15. 



16. 




2 





25. 





If yofu did these problems with less than 2 errors, you can do almost 
any problem involvins fractions. 
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SUPPEEMENTABY AOTIVITIBS WITH EATIONAl NDMBBRS 

1# In our ice cream store we use 4 ounces of vanilla flavoring in every 
can of 10 gallons of ice cream mix. One day we wanted to use only 
5 gallons of mix. How much vanilla flavo3?ing should we use? 

2. In the stock market quotations you read in the paper, the values of 
the stocks are shown in dollars and a fractional part of a dollar. 

On the following page is a sample of the report from the financial 
page of the newspaper. The net change shows the difference between 
the closing quotation of the day before and the closing quotation on 
the day reported. Prom the Information given, can you find the pre- 
vious day*s closing price or the net change? 

5. Betty does baby-sitting for her nei^bor. She stays with the children 
after school until their mother gets home from work. Her pay is ll.OO 

per hour. She keeps track of her time. East week she worked Monday 

3 1 3 1 

hour, Tuesday hour, Wednesday hour, Thursday hour, and 

PiTiday “ hour. How much did Betty earn last week? 

4. John*s teacher gave a test that had 25 questions, and John answered 
20 of them correctly. The teat Betty took had 50 questions. How 
many correct answers would she need so that she would have the same 
grade as John when the grades are based on 100^? 

1 

5# The wei^t in pounds of a crate of oranges is 41 -s-. The wei^t in 

5 ^ 

pounds of the box alone is 2 -g*. What is the wei^t in poimds of the 
oranges, without the box? 

p 

*6. Bill has a daily average of 78, idiich is to bs 17 of his final grade 

•V 1 

for the six weeks. His six weeks test grade will be the other — of 
his score. Bill would like to have a grade of ”C but to do that 
his average would have to be at least 80. What score would Bill have 
to make on his test to get the he wants? Hint: Bill's scores 
must total 240 points in order to average 80. 

* If you solved problem number 6 correctly, your understanding of word 
problems involving fractions is very good. 
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7. Yelof works in the Idam office. Every day it is his job to sort the 
1 i amn into bins. The H rjtib are labeled with rational numbers) and 



Yelof *s job is to place each liam into the bin that is the equivalent 
of the number on the liam. See if you can do Yelof* s job. 
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IHiUSTRATION OP TERMS 

Th#i examples given with some of the following definitions are meant 
to help you understand the meanings of words tised in this booklet* They 
are merely samples, however, and many other examples could be used. 

* * *- «-and so forth 

Equivalent— any two or more symbols which express the same idea; equal in 

^ ' g g 

value. Eor instance, ^ names the same number as 2, or is equi- 
valent to 2. 

Horizontal— parallel to, or in the direction of the line where the earth 
meets the sky; level, opposite of vertical (direction in which trees 
grow). When you are lying down or sleeping, you are in a horizontal 
position, and, when you are standing, you are in a vertical position. 

Inadequate— not enough to meet the need. Less than that which is required. 

Integers— a set idiich contains all the natural (counting) numbers, their 
opposites, and zero. 

( '*'1, '*‘2, '*’3, ***4, *5 • • • } natural number combined with 

{ . . . "5, *4, "*3> ”2, “l ) opposites combined with 

( 0 ) zero 

These three sets imite to form the set called integei^* 

{ . . . "5, “4, “3, ~2, “l, 0, % '^3, "^4, ■*■5 ... ) 

Minuend— the number from which another number is to be subtracted. 10-5. 
10 represents the minuend. It is the number from which 5 is to be 
subtracted* 

Rational number— (general definition)— expresses the relation of one 

integer (number) with another. For instance, if John ate three of 
the five pieces of candy, he ate ^ (rational number) of the candy. 



o 
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Rational number — (mathematical definition): 

1, A nmnber which can be expressed as the quotient of integers* The 
divisor cannot be zero, but, rather, must be a natural (counting) 
number or its opposite number* 

2* An ordered pair, (a, b) when a and b are elements of the set of 
integers, and b is / (not equal) to zero* 

Subt rahend a number to be subtracted from another number* In the example 

10-5, 5 is the siibtrahend* It is to be subtracted from 10, the 

minuend* 



Vulf^ar fracti on— identical v.dth the rational numbers we call common 
fractions* 

In early American arithmetic the name "broken numbers" was used to 
name "fractions"* "Vulgar" v/cls applied to "common fractions" to 
disting’Jiish them from "decims-l fractions" or "decimals*" At that 
time the words "vulgar" and "common" had almost the sane meaning* 
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